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This paper presents an analysis of the eﬀect of an undulating free surface on the stress state in a multi-layered structure
with an arbitrary number of layers. We present a simple procedure to derive in terms of stress functions the ﬁrst-order
perturbation solution for a multi-layered structure subjected to residual stresses and to external edge loads. The solution
is valid for undulation amplitudes that are small compared to undulation wavelength, and it reproduces results reported
earlier for homogeneous materials and bi-layers. Using this perturbation solution, the stability of a stressed undulating
surface with a given surface energy is evaluated. This analysis leads naturally to the deﬁnition of a critical undulation wave-
length above which undulations are preferred energetically over a ﬂat surface. The results obtained in the perturbation
analysis can be applied to surface diﬀusion/etching problems in multi-layered structures and to a range of other engineer-
ing problems related to undulating surfaces and surface stability.
 2007 Elsevier Ltd. All rights reserved.
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Most devices in the semiconductor, display, and MEMS industries consist of multi-layered thin-ﬁlm struc-
tures. The layered structure of these devices is necessary to realize the functionality of the device, but may lead
to reliability issues such as delamination, cracking, or morphological instability during device fabrication, test-
ing or operation. The main interest of this study lies in the morphological stability of the surface of a multi-
layered structure when subjected to residual stresses and external edge loads. The stability of such a surface is
an important issue during the fabrication and processing of ﬁlm stacks. The morphology of epitaxial thin
ﬁlms, which depends on both the elastic strain energy in the ﬁlms and their surface energy (Freund, 1995),
is a good example. The development of surface roughness under chemical etching conditions is another
(Kim et al., 1999).0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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mathematical model describing the morphological change and the associated changes in energy. Often, one
of the most diﬃcult parts of such a model is to evaluate the contribution of the elastic strain energy that arises
as a result of residual stresses and/or external loads. Since the early work by Asaro and Tiller (1972), many
researchers have studied the morphological stability of a free surface in the presence of stresses. Gao
(1994), Freund (1995), and Gao and Nix (1999) have published informative reviews on this subject. Research-
ers have studied the stability of cracked surfaces (Spatschek and Brener, 2001), pore channels (Colin et al.,
1997), and dynamic cracks (Gao, 1993). Suo (2000) has published a review on the morphological changes
of a surface considering the work done by other long-range forces in addition to surface and elastic energies,
and has pointed out that changes in morphology as a result of residual stresses, electrostatic ﬁelds, and van der
Waals forces could be used for the self-assembly of nanostructures and biological structures. The elastic solu-
tion for an undulating ﬁlm on a substrate can be found in the literature (Urazgil’dyaev et al., 1975; Spencer
et al., 1991), but the solution for a structure that consists of three or more layers is not available. Since many
devices consist of more than one ﬁlm on a substrate, it is of practical interest to derive a solution for the stress
state in a multi-layered structure with an arbitrary number of layers that is valid for arbitrary undulation
wavelengths.
In this paper, we ﬁrst present such a solution derived using a linear perturbation analysis. The equations
are lengthy, but can be presented in a compact form using matrix notation, an approach that also facilitates
evaluation of the stresses using a computer. Several simplifying assumptions are made in the formulation of
the problem. First, the materials in the multi-layered structure are assumed to be isotropic and linearly elas-
tic. The geometry of the structure is taken to be two-dimensional, i.e., the multi-layered structure is in a
state of plane strain or plane stress, and the length of the multi-layered structure is assumed to be much
larger than its total thickness. It should be noted that the two-dimensional results are readily extended
to equi-biaxial stress states as described brieﬂy in Section 4. The undulating surface of the multi-layered
structure is then modeled as a ﬁrst-order perturbation of a ﬂat surface, so that the solution is accurate only
if the amplitude of the undulation is much smaller than its wavelength. As an application of the multi-layer
solution presented in this paper, we analyze the surface stability of several ﬁlm stacks in the presence of a
residual stress.2. Unperturbed multi-layered structure
2.1. Stress state as a result of an edge moment and axial force
Let us consider a multi-layered structure with two free surfaces as depicted in Fig. 1a. It is assumed that the
dimension of the structure in the x-direction is much larger than that in the y-direction. The stress state in the
structure as a result of the edge loads speciﬁed in Fig. 1a is readily obtained using composite beam theory. The
solution for a 2-layer structure, for example, can be found in Appendix III of Suo and Hutchinson (1990).
More generally, the position of the neutral axis yn in a stack consisting of N layers is expressed byyn ¼ 
PN
i¼1 ni 
hðiÞ
2
 
lðiÞhðiÞ
jðiÞþ1
 
PN
i¼1
lðiÞhðiÞ
jðiÞþ1
  ; ð1Þ
where h(i) is the thickness of the ith layer in the structure and ni ¼
Pi
k¼1hðkÞ; l(i) and m(i) are the shear modulus
and Poisson’s ratio of the ith layer, respectively; j(i) = 3  4m(i) for plane strain and j(i) = (3  m(i))/(1 + m(i)) for
plane stress. The stress components in the multi-layered structure as a result of an edge load P0 and an edge
bending moment M0 are given byrxx ¼
lðiÞ
jðiÞþ1
 
PN
j¼1
lðjÞ
jðjÞþ1
 
hðjÞ
P 0 
8lðiÞ
ðjðiÞ þ 1Þ
y ynð Þ
q0
ðni 6 y < ni þ hðiÞÞ; ð2aÞ
rxy ¼ryy ¼ 0; ð2bÞ
Fig. 1. (a) Schematic of the unperturbed multi-layered structure subjected to a general edge load, and (b) schematic of the multi-layered
structure with an undulating free surface.
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8
PN
i¼1
lðiÞ
jðiÞþ1
 
ni þ ynð Þ3  ni  hðiÞ þ yn
 3n o
3M0
: ð3Þ2.2. Stress state in the presence of residual stresses
In most cases when two or more dissimilar materials are joined together to form a multi-layered structure,
the individual layers in the structure are subjected to a residual stress. This residual stress may arise as a result
of thermal mismatch between the layers, but may also be associated with the technique used to fabricate the
multi-layered structure. A coating on a much thicker substrate is a good example: the residual stress in the
coating is determined by both the thermal mismatch between coating and substrate and the stress that is built
into the coating during the coating deposition process.
If the residual stress in the ith layer is given by r0(i), the stress ﬁeld in the multi-layer structure can be written
asrxx ¼ r0ðiÞ þ
lðiÞ
jðiÞþ1
 
PN
j¼1
lðjÞ
jðjÞþ1
 
hðjÞ
P 0 
8lðiÞ
ðjðiÞ þ 1Þ
y ynð Þ
q0
ðni 6 y < ni þ hðiÞÞ: ð4ÞHere, the residual stress r0(i) is a function of the y-coordinate and satisﬁes the conditions
R 0
nN r0ðiÞðyÞdy ¼ 0
and
R 0
nN yr0ðiÞðyÞdy ¼ 0 for static force and moment equilibrium, respectively. In a later section in this paper,
we will relate the stress at the top surface of a ﬂat multi-layer structure,rT  rxxjy¼0 ¼ r0ð1Þjy¼0 þ
lð1Þ
jð1Þþ1
 
PN
j¼1
lðjÞ
jðjÞþ1
 
hðjÞ
P 0 þ
8lð1Þ
ðjð1Þ þ 1Þ
yn
q0
; ð5Þto the stress for a multi-layer structure with an undulating surface. The residual stress distribution used in Eq.
(4) satisﬁes both force and moment equilibrium. This is an important point: if, for instance, a coating is depos-
ited on a ﬂexible substrate that is clamped down during the deposition process, the residual stress in the coat-
ing will change when the substrate is released. The residual stress in Eqs. (4) and (5) refers to the stress in the
unclamped state. If the substrate is rigid, this diﬀerence vanishes.
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3.1. Problem formulation using Airy stress function
Consider a multi-layered structure with an undulating free surface as shown in Fig. 1b. The sinusoidal
undulation of the surface can be regarded as a perturbation of a ﬂat surface. The stress distribution for each
layer in the structure can be written in terms of Airy stress function asrxxðiÞ ¼ o
2F ðiÞ
oy2
; rxyðiÞ ¼  o
2F ðiÞ
oxoy
; ryyðiÞ ¼ o
2F ðiÞ
ox2
: ð6ÞHere, the subscript (i) stands for the ith layer from the top and F is the Airy stress function, which satisﬁes the
compatibility condition $4F(i)(x,y) = 0. The stress distribution in the perturbed state can be written as a Tay-
lor series in the undulation amplitude a0 (Urazgil’dyaev et al., 1975)rðiÞ ¼ rð0ÞðiÞ þ ða0=kÞrð1ÞðiÞ þ ða0=kÞ2rð2ÞðiÞ þ    ; ð7Þ
where k refers to the wavelength of the undulation. Here, r can be regarded as rxx, rxy, or ryy, and the super-
script represents the order of the perturbation. Similarly, the stress function can be written asF ðiÞðx; yÞ ¼ F ð0ÞðiÞ þ ða0=kÞF ð1ÞðiÞ þ ða0=kÞ2F ð2ÞðiÞ þ    : ð8Þ
Here, F ð0ÞðiÞ is the stress function of the unperturbed state and F
ð1Þ
ðiÞ and F
ð2Þ
ðiÞ are the ﬁrst- and second-order per-
turbation terms of F ðiÞðx; yÞ. The accuracy of the analysis can be improved by considering higher orders of
perturbation, but only the ﬁrst-order perturbation is considered in this study for simplicity and clear interpre-
tation. The unperturbed state was dealt with in the previous section. The general solution for the ﬁrst-order
perturbation term F ð1ÞðiÞ can be written asF ð1ÞðiÞ ¼ cos
2px
k
 
AðiÞ cosh
2py
k
 
þ BðiÞ sinh 2pyk
 
þ CðiÞy cosh 2pyk
 
þ DðiÞy sinh 2pyk
  	
; ð9Þwhere A(i), B(i), C(i) and D(i) are the integration constants for the ith layer to be determined from the boundary
conditions. With N layers in the multi-layered structure, there are 4N unknown integration constants. Con-
sider the boundary conditions for the perturbed state. The free surfaces of the structure must be traction-free
yielding four equations; the interfaces between the layers must satisfy the conditions of traction and displace-
ment continuity, yielding another 4(N  1) equations. The components of the unit vector normal to the top
free surface are given bynxðxÞ ¼ 2pa0k
 
sin
2px
k
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 2pa0
k
 
sin
2px
k
  	2s,
; ð10Þ
nyðxÞ ¼ 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 2pa0
k
 
sin
2px
k
  	2s,
; ð11Þor to ﬁrst-order accuracynxðxÞ ﬃ 2pa0k
 
sin
2px
k
 
; ð12Þ
nyðxÞ ﬃ 1: ð13Þ
The condition for a traction-free surface can then be expressed asrxxð1Þnx þ rxyð1Þny ﬃ rð0Þxxð1Þ þ ða0=kÞrð1Þxxð1Þ þ . . .
 
nx þ rð0Þxyð1Þ þ ða0=kÞrð1Þxyð1Þ þ . . .
 
ny ¼ 0; ð14Þ
rxyð1Þnx þ ryyð1Þny ﬃ rð0Þxyð1Þ þ ða0=kÞrð1Þxyð1Þ þ . . .
 
nx þ rð0Þyyð1Þ þ ða0=kÞrð1Þyyð1Þ þ . . .
 
ny ¼ 0: ð15Þ
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lowing conditions for the stresses at the surface of the ﬁrst layerrð1Þxyð1Þ ¼ 2prT sin
2px
k
 
for y ¼ 0; ð16Þ
rð1Þyyð1Þ ¼ 0 for y ¼ 0; ð17Þ
where rT is deﬁned in Eq. (5). Note that the ﬁrst-order solution for an undulating surface is related to the
solution for a ﬂat surface through these equations and that the stress component rxx at the free surface
(y = 0) in the unperturbed state plays the role of external loading for the perturbed state. The conditions
for a traction-free bottom surface arerð1ÞxyðNÞ ¼ 0 for y ¼ nN ; ð18Þ
rð1ÞyyðNÞ ¼ 0 for y ¼ nN ; ð19Þwhile the traction and displacement continuity conditions for the kth interface at y = nk are expressed as
rð1ÞxyðkÞ ¼ rð1Þxyðkþ1Þ; rð1ÞyyðkÞ ¼ rð1Þyyðkþ1Þ;
o
ox
uð1ÞxðkÞ ¼
o
ox
uð1Þxðkþ1Þ;
o
ox
uð1ÞyðkÞ ¼
o
ox
uð1Þyðkþ1Þ; k ¼ 1; 2; 3; . . . ;N 1: ð20ÞThe displacement continuity equations in Eq. (20) are written in terms of the displacement gradients rather
than the displacements solely as a matter of convenience. These equations can be rewritten as a function of
the stress functiono2
oxoy
F ð1ÞðkÞ ¼
o2
oxoy
F ð1Þðkþ1Þ; ð21Þ
o2
ox2
F ð1ÞðkÞ ¼
o2
ox2
F ð1Þðkþ1Þ; ð22Þ
1 ak
2
o2
oy2
F ð1ÞðkÞ þ ðak  bkÞ
o2
ox2
F ð1ÞðkÞ ¼
1þ ak
2
o2
oy2
F ð1Þðkþ1Þ þ bk
o2
ox2
F ð1Þðkþ1Þ; ð23Þ
1 ak
2
GðkÞ þ ðak  bkÞ
o2
oxoy
F ð1ÞðkÞ ¼
1þ ak
2
Gðkþ1Þ þ bk
o2
oxoy
F ð1Þðkþ1Þ; ð24Þwhere GðkÞ ¼ o3ox3
R
F ð1ÞðkÞdy and where ak and bk are the Dundur’s parameters for the two materials at the kth
interfaceak ¼
lðkÞðjðkþ1Þ þ 1Þ  lðkþ1ÞðjðkÞ þ 1Þ
lðkÞðjðkþ1Þ þ 1Þ þ lðkþ1ÞðjðkÞ þ 1Þ
; bk ¼
lðkÞðjðkþ1Þ  1Þ  lðkþ1ÞðjðkÞ  1Þ
lðkÞðjðkþ1Þ þ 1Þ þ lðkþ1ÞðjðkÞ þ 1Þ
:3.2. Solution of the ﬁrst-order perturbation problem
Let us consider a multi-layered structure with N layers (NP 2). When the free surface of the topmost layer
is undulated, the stress state in the multi-layered structure is to ﬁrst order in the perturbation amplitude
described by the stress functionF ðiÞðx; yÞ ¼ F ð0ÞðiÞ þ ða0=kÞF ð1ÞðiÞ : ð25Þ
The subscript (i) again refers to the ith layer in the structure. The term F ð1ÞðiÞ corresponds to the unperturbed
state, for which the stress state is given directly by Eq. (4). The ﬁrst-order perturbation term F ð1ÞðiÞ can be ex-
pressed in terms of the general solution given by Eq. (9) and contains four integration constants for each layer.
The 4N integration constants for a stack with N layers are then given by the following matrix expression
1 A
iMech
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where XN is a column matrix that contains the integration constants.
1 MN and fN are 4N · 4N and 4N · 1
matrices, respectively, deﬁned in Appendix A. Once the matrix XN is known, the stress function F
ð1Þ
ðiÞ for each
layer can be constructed using Eq. (9), and the stress state is obtained for each layer using Eqs. (6)–(8). For a
bi-layer structure (N = 2), inversion of M2 is straightforward, but tedious, and is most easily accomplished
using software that handles symbolic calculations such as Mathematica or Maple. The unknown matrix X2
can be obtained explicitly, but is too lengthy to reproduce here.
4. Energetics of sinusoidal undulation
In this study, it is assumed that only the surface energy, DES, and the strain energy, DU, contribute to the
potential energy, DP, of the multi-layered structure. The potential energy is thenDP ¼ DES þ DU ð27Þ
under displacement-controlled conditions. Depending on the particular application, one could of course
include other terms such as those due to van der Waals interactions or electrostatic interactions. When
the free surface of a multi-layered structure experiences a sinusoidal undulation, e.g., as a results of a
diﬀusion or an etch process, the total surface energy of the structure changes because of the change
in surface area, and its strain energy changes because of the corresponding change in the stress state
(Suo, 1997). We now estimate the changes in the total surface and strain energies using the perturbation
analysis presented in the previous section, and discuss the critical and the preferred wavelengths of the
undulation.
4.1. Estimation of the surface energy and the strain energy
The total energy of a surface with a sinusoidal undulation is readily obtained in terms of the amplitude and
wavelength of the undulation. In particular, the change in surface energy between an undulating surface and a
ﬂat surface is given byDES ¼
Z k
0
c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ðoa=oxÞ2
q
 1
 
dx ﬃ 1
2
Z k
0
cðoa=oxÞ2dx ¼ cp
2a20
k
ð28Þfor one period of the undulation. Implicit in Eq. (28) is the assumption that the surface energy is isotropic.
In order to evaluate the change in strain energy associated with the undulation of a surface, it is necessary
to obtain the strain energy density w, which is given byw ¼ 1
2
ðrxxexx þ ryyeyy þ 2rxyexyÞ ð29Þfor both plane strain or plane stress. Using the procedure discussed in Section 3, the stress components can be
obtained, and the strain energy density of an undulating free surface of a multi-layered structure (NP 2) is
obtained aswðx; 0Þ ¼ jþ 1
16l
r2T 1 8gða1; b1; . . . ; aN1; bN1; g1; . . . ; gNÞ
a0
k
 
cos
2px
k
  
; ð30Þwhere gi is the normalized layer thickness deﬁned by gi = h(i)/k. The change in strain energy associated with the
undulation can be estimated using the same procedure as in (Gao, 1991) and is equal toDU ¼  jþ 1
8l
r2Ta
2
0gða1; b1; . . . ; aN1; bN1; g1; . . . ; gN Þ ð31ÞMaple worksheet that gives the solution for a stack with an arbitrary number of layers can be found at the archival web site
anica at the following url: http://www.iMechanica.org/blog/56/.
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pDð1Þ
krT
; ð32Þrelating g directly to one of the integration constants and the stress rT. Note that unlike the surface energy, the
change in strain energy associated with the undulation depends on the number of layers, the thicknesses of the
layers, and their elastic moduli. For a bi-layer structure (N = 2), the non-dimensional function g(a1,b1,g1,g2)
is given bygða1; b1; g1; g2Þ ¼ p
X1ðe4pð4g1þg2Þ  e4pð2g1þg2ÞÞ  X3ðe8pðg1þg2Þ  e16pg1Þ
þX4ðe8pð2g1þg2Þ  e8pg1Þ þ X5ðe4pð3g1þ2g2Þ  e12pg1Þ
X6e4pð3g1þg2Þ
0
B@
1
CA
X1ðe4pð4g1þg2Þ þ e4pð2g1þg2ÞÞ þ X2ðe4pð3g1þ2g2Þ þ e12pg1Þ
þX3ðe8pðg1þg2Þ þ e16pg1Þ þ X4ðe8pð2g1þg2Þ þ e8pg1Þ
þX7e4pð3g1þg2Þ
0
B@
1
CA
: ð33ÞThe non-dimensional parameters X1, . . . ,X7 in Eq. (33) are deﬁned in Appendix B. For a homogeneous bi-
layer (a1 = b1 = 0, g1 = g2), Eq. (33) can be simpliﬁed tog ¼ p 16pg1e
8pg1 þ e16pg1  1
2e8pg1  64p2g21e8pg1 þ e16pg1 þ 1
: ð34ÞFor a semi-inﬁnite homogeneous layer where g1 approaches inﬁnity, one ﬁnds g = p as obtained previously by
Gao (1991). For a coating on an inﬁnitely deep substrate, one obtains g(a1,b1,g1,1) from Eq. (33) asg ¼ pX4e
8pg1 þ X5e4pg1  X3
X4e8pg1 þ X2e4pg1 þ X3 : ð35ÞWhen the wavelength of the undulation is much larger than the coating thickness, i.e., when g1! 0, this is
further reduced tog ¼ p 1þ a
1 a : ð36ÞIt is possible to obtain expressions for g(a1,b1, . . . ,aN  1,bN  1,g1, . . . ,gN) for a multi-layered structure with
more than two layers, but they are too lengthy to reproduce here. A Maple worksheet for evaluating
g(a1,b1, . . . ,aN  1,bN  1,g1, . . . ,gN) can be found on-line.
24.2. Critical and preferred wavelengths
When the free surface of a multi-layered structure experiences a sinusoidal undulation, there is a competi-
tion between the surface energy and the strain energy of the structure. The critical wavelength is deﬁned as a
wavelength where the sum of surface energy and strain energy changes are equal to zero. A sinusoidal undu-
lation with a wavelength larger than the critical wavelength leads to a net decrease in the potential energy of
the structure, while an undulation with a smaller wavelength increases the potential energy. The critical wave-
length kc for a structure with N layers can be obtained from the equationDP ¼ DES þ DU ¼ 0: ð37Þ
Using Eqs. (28) and (31), this can be rewritten askc ¼
8lð1Þcp
2
ðjð1Þ þ 1Þr2Tgða1; b1; . . . ; aN1; bN1; g1; . . . ; gN Þ
: ð38Þe notebook can be found at the following url: http://www.iMechanica.org/blog/56/.
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8lð1Þcp
ðjð1Þ þ 1Þr2T
 k0: ð39ÞFor a coating on an inﬁnitely deep substrate, the critical wavelength kc is the solution of the following equa-
tion where g is given by Eq. (35)k
k0
¼ p
gða1; b1; g1Þ
: ð40ÞThe critical wavelength is shown graphically in Fig. 2 as a function of coating thickness for the special case
that b1 = a1/4. It is evident from the ﬁgure that the critical wavelength depends sensitively on both the elastic
properties and the thickness of the coating, especially in the case of a compliant coating on a stiﬀ substrate. If
the coating thickness is larger than approximately half the undulation wavelength, the critical wavelength ap-
proaches the Asaro–Tiller results for the coating. It should be noted that even though the analysis in this study
assumes conditions of plane stress or plane strain, the results are also applicable to a state of equi-biaxial
stress—a condition often encountered in layered systems—provided the wavelength is small compared to
the overall geometry of the system. Indeed, Gao (1994) has shown that the critical wavelength for an equi-
biaxially stressed semi-inﬁnite solid that develops a double cosine undulation is related to the plane-strain
wavelength by kbiaxial ¼
ﬃﬃﬃ
2
p
kplane strain. It is straightforward to show that his argument also applies to the more
general multi-layered case discussed in this paper. Using this relationship, it can be veriﬁed that Eq. (35) is
consistent with the solution by Gao given in Freund and Jonsdottir’s paper (1993).
The critical wavelength determines whether an undulation of a given wavelength is stable if mass transport
is allowed. In an experiment one is, however, more likely to observe the wavelength that corresponds to the
most unstable undulation mode, i.e., the undulation mode that grows the fastest. This wavelength, which we
refer to as the preferred wavelength km, clearly depends on the kinetics of the mass transport process and
hence on the precise mechanism responsible for the undulation. For instance, if the undulation of the free sur-
face is caused by stress-driven surface diﬀusion (Gao and Nix, 1999), the preferred wavelength maximizes
DP/k3 (Gao, 1991), i.e.,Fig. 2. Normalized critical wavelength vs. normalized coating thickness for a coating on an inﬁnitely deep substrate.
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ok
DP
k3
 
¼ 0: ð41ÞUsing Eqs. (28), (31) and (39), the equation for the preferred wavelength can be rewritten as4p
k0
k5
þ o
ok
gða1; b1; . . . ; aN1; bN1; g1; . . . ; gN Þ
k3
 
¼ 0: ð42ÞNote that the non-dimensional function g(a1,b1, . . . ,aN  1,bN  1,g1, . . . ,gN) is generally a complicated func-
tion of k. For a semi-inﬁnite homogeneous solid (N = 1 and g1 =1), g(a1,b1, . . . ,aN  1,bN  1,g1, . . . ,gN) is
independent of k, and one ﬁnds thatkm ¼ 4
3
k0: ð43ÞThis is the same result as obtained by Gao (1991), Asaro and Tiller (1972), and Srolovitz (1989). For a coating
on an inﬁnitely deep substrate, Eq. (42) can be reduced to4p
k0
k
 3gða1; b1; g1Þ  g1
o
og1
ðgða1; b1; g1ÞÞ ¼ 0: ð44ÞThe preferred wavelength km can be solved numerically from this equation. Fig. 3 shows how km varies with
respect to g1 and a1 for the case that b1 = a1/4. The behavior is quite similar to that of the critical wave-
length with the greatest variations for thin compliant coatings on stiﬀ substrates. The above analysis focuses
on the special case where mass transport occurs via surface diﬀusion and the only energy contributions are
those due to the strain and surface energy. This analysis is, for instance, applicable to layered semiconductor
thin-ﬁlm structures with diﬀerent lattice parameters, which are commonly used in electronic or optical de-
vices. Similar analyses can also be performed if mass transport occurs through diﬀerent mechanisms such as
chemical etching (see below) or if other energy terms, e.g., due to electric ﬁelds or Van der Waals forces, are
important.Fig. 3. Normalized preferred wavelength vs. normalized coating thickness for a coating on an inﬁnitely deep substrate.
J.-H. Kim, J.J. Vlassak / International Journal of Solids and Structures 44 (2007) 7924–7937 79335. Example: stability of a stressed free surface under chemical etching
As an application of the foregoing analysis, let us consider the stability of a free surface subjected to in-
plane stresses under chemical etching conditions. It has been shown that during etching the surface roughness
of a stressed solid grows with diﬀerent rates depending on the wavelength of the roughness: roughness with
wavelengths below a critical value decays, while roughness with larger wavelengths grows (Kim et al.,
1999). This phenomenon has been observed in the dissolution of K-alum single crystals subjected to uniaxial
compression (den Brok and Morel, 2001) and it has been used to estimate the residual stress in monolithic Al
by scanning the surface with an atomic force microscope before and after etching (Kim et al., 1999). The ori-
ginal analysis was developed for a semi-inﬁnite solid (Kim et al., 1999; Yu and Suo, 2000), but is readily
extended to a structure with an arbitrary number of layers using the present analysis. In order to illustrate
the eﬀects of the elastic mismatch between the layers, we have calculated the critical wavelengths for the
SiO2/Si, SiO2/Al2O3, and SiO2/Al2O3/Si multi-layered systems, the SiO2 layers of which are subjected to aTable 2
Layer thicknesses for the SiO2/Si, SiO2/Al2O3, and SiO2/Al2O3/Si systems
System SiO2 thickness (nm) Al2O3 thickness (lm) Si thickness (lm)
SiO2/Si 100 — 500
SiO2/Al2O3 100 500 —
SiO2/Al2O3/Si 100 100 500
Table 1
Materials properties used in the analysis of the SiO2, SiO2/Si, SiO2/Al2O3, and SiO2/Al2O3/Si systems
Material E (GPa) v
SiO2 72 0.17
Al2O3 370 0.22
Si 112 0.28
Fig. 4. Critical wavelengths of the SiO2/Si, SiO2/Al2O3, and SiO2/Al2O3/Si systems as a function of the critical wavelength for a SiO2 half
space.
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the same stress. The choice of materials in these systems was motivated by their large diﬀerence in elastic prop-
erties and the ease with which multi-layered samples could be fabricated for experimental veriﬁcation, but is
rather arbitrary otherwise. Detailed information on the ﬁlm stacks used in these calculations can be found in
Tables 1 and 2. Fig. 4 shows the critical wavelengths of the multi-layered systems as a function of k0, which is
inversely proportional to the square of the stress at the free surface. It is evident from the ﬁgure that the eﬀect
of the underlying layers is signiﬁcant, especially for large values of k0. The results in Fig. 4 further suggest that
as the stiﬀness of the underlying layers or substrate increases, the surface becomes smoother after etching in
the sense that the critical wavelength, above which roughness undulations are stable, increases. The same hap-
pens if the thickness of the SiO2 layer is reduced during etching and the eﬀect of the stiﬀer underlying materials
becomes more apparent. When the stress in the surface layer is suﬃciently large, however, k0 becomes smaller
than the other length scales in the structure, and the critical wavelength of each system approaches that of a
SiO2 half space as shown in Fig. 4. Finally, we need to ascertain that the range of k0 values shown in Fig. 4 is
physical. Taking a surface energy c of 1 J/m2 and a stress level of 200 MPa as representative values, we ﬁnd a
critical wavelength for a SiO2 half space of approximately 6 lm, indicating that substrate eﬀects are indeed
important for these systems and that an analysis based on a half-space approximation is not suﬃciently accu-
rate in this case.6. Summary
We have analyzed the problem of an undulating free surface of a stressed multi-layered structure with an
arbitrary number of layers using a linear perturbation method. We present a simple procedure for constructing
the perturbation solution in terms of stress functions from which the full ﬁeld stress distribution in the struc-
ture is readily obtained. Using this solution, we have analyzed the energetics of a stressed multi-layered struc-
ture with an undulating surface and we have obtained the critical and preferred wavelengths that arise as a
result of the competition between surface and strain energy. These wavelengths are typically on the order
of microns but can be much larger if the stress is small, making it necessary to account for the individual layers
in the structure when dealing with thin ﬁlms and coatings. As an application of the multi-layer solution, we
have analyzed the stability of the SiO2 surface in the SiO2/Si, SiO2/Al2O3, and SiO2/Al2O3/Si systems and have
demonstrated the eﬀect of the elastic mismatch of the layers on the critical wavelength in these systems. More
generally, we anticipate that the solution presented in this paper will be useful whenever one needs the strain
energy density of an undulating free surface of a multi-layered structure under fairly general loading
conditions.Acknowledgments
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In Section 3.2, the solution of the perturbation problem is presented in the form of matrix
equationXN ¼M1N  fN ; ðA1Þwhere XN is the column matrix that contains the 4N unknown integration constants,MN is a 4N · 4N matrix,
and fN is a 4N · 1 matrix. MN, XN and fNare deﬁned as follows:
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0
k2rT
0
0
0
0
0
0
2
66666666666664
3
77777777777775
T
; S ¼
1
0
0
0
0
0
0
0
2
66666666666664
3
77777777777775
T
; T ¼
0
2p
k
0
0
0
0
0
2
66666666666664
3
77777777777775
T
; Ik ¼
2psk
2pck
ckk 2psknk
skkþ 2pcknk
2psk
2pck
ckkþ 2psknk
skk 2pcknk
2
66666666666664
3
77777777777775
T
;Jk ¼
ck
sk
cknk
sknk
ck
sk
cknk
sknk
2
66666666666664
3
77777777777775
T
; Kk ¼
pckð1 3ak þ 2bkÞ
pskð1 3ak þ 2bkÞ
skkð1 akÞ  pcknkð1 3ak þ 2bkÞ
psknkð1 3ak þ 2bkÞ þ ckkð1 akÞ
pckð1þ ak  2bkÞ
pskð1þ ak  2bkÞ
skkð1þ akÞ þ pcknkð1þ ak  2bkÞ
psknkð1þ ak  2bkÞ  ckkð1þ akÞ
2
66666666666664
3
77777777777775
T
;Lk ¼
2pskð1 3ak þ 2bkÞ
2pckð1 3ak þ 2bkÞ
2psknkð1 3ak þ 2bkÞ  ckkð1þ ak  2bkÞ
skkð1þ ak  2bkÞ  2pcknkð1 3ak þ 2bkÞ
2pskð1þ ak  2bkÞ
2pckð1þ ak  2bkÞ
2psknkð1þ ak  2bkÞ þ ckkð1þ ak þ 2bkÞ
skkð1þ ak þ 2bkÞ þ 2pcknkð1þ ak  2bkÞ
2
66666666666664
3
77777777777775
T
; Pk ¼
0
0
0
0
2psk
2pck
ckk 2psknk
2pcknk þ skk
2
66666666666664
3
77777777777775
T
;
7936 J.-H. Kim, J.J. Vlassak / International Journal of Solids and Structures 44 (2007) 7924–7937Qk ¼
0
0
0
0
ck
sk
cknk
sknk
2
66666666666664
3
77777777777775
T
: ðA3ÞHere the superscript T represents the transpose of the matrix, sk = sinh (2pnk/k), and ck = cosh(2pnk/k). Note
that S, T, Ik, Jk, Kk, Lk, Pk, and Qk are all 1 · 8 matrices; ZN is the 1 · 4N matrix with all zero elements.
Appendix B. Non-dimensional parameters for a bi-layer structure
In Section 4.1, the expression for the strain energy change of a bi-layer structure is given in terms of the
following non-dimensional parameters:X1 ¼ 2ð8g22ðb1  1Þðb1  a1Þp2 þ a1 þ b21Þ; ðB1Þ
X2 ¼ 2ð8g21ðb1 þ 1Þðb1  a1Þp2  a1 þ b21Þ; ðB2Þ
X3 ¼ a21  b21; ðB3Þ
X4 ¼ 1 b21; ðB4Þ
X5 ¼ 8pg1ðb1 þ 1Þðb1  a1Þ; ðB5Þ
X6 ¼ 8ð16g1g22ðb1  a1Þ2p2 þ 2b21g1  2g1ða1  1Þb1 þ ðg1  g2Þa21 þ ðg1 þ g2ÞpÞ; ðB6Þ
X7 ¼ 2ð128g21g22ðb1  a1Þ2p4 þ 16ðða1b1  b21Þðg21 þ g22Þ þ ðg22  g21Þb1Þp2  8ððg1  g2Þ2a21 þ ðg1
þ g2Þ2Þp2  2b21  a21  1Þ: ðB7ÞReferences
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